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a b s t r a c t
The generalized telegraph equations with time- and space-fractional derivatives are
considered. The corresponding theories of thermal stresses are formulated. The proposed
theories interpolate the classical thermoelasticity, the theory of Lord and Shulman,
thermoelasticitywithout energy dissipation of Green andNaghdi, and theories of fractional
thermoelasticity proposed earlier. The fundamental solution to the nonhomogeneous
space–time-fractional telegraph equation as well as the corresponding thermal stresses
are obtained in the axisymmetric case.
© 2012 Elsevier Ltd. All rights reserved.
1. Introduction
The conventional theory of heat conduction is based on the classical (local) Fourier law, which relates the heat flux vector
to the temperature gradient. In combinationwith a law of conservation of energy, the Fourier law leads to the parabolic heat
conduction equation.
Nonclassical theories of heat conduction and generalized theories of thermoelasticity, in which the Fourier law and
the standard heat conduction equation are replaced by more general equations, constantly attract the attention of the
researchers. For an extensive bibliography on this subject, see e.g. [1–5] and references therein.
One of the much popular theories is the generalized thermoelasticity of Lord and Shulman [6] based on Cattaneo’s [7]
approach with telegraph equation for temperature. The fractional telegraph equation has also been studied extensively in
the literature. Compte and Metzler [8] considered four possible time-fractional generalizations of the Cattaneo equation.
Cascaval et al. [9] studied the time-fractional telegraph equation with applications to suspension flows. Orsingher and
Beghin [10] found the fundamental solutions to time-fractional telegraph equations of order 2α. Chen et al. [11] derived
the analytical solution of the nonhomogeneous time-fractional telegraph equation. Herzallah and Baleanu [12] investigated
the existence and uniqueness theorems of the strong andmild solutions to the abstract fractional order telegraph equation as
well as the continuation of these solutions. The space-fractional telegraph equation was studied by Orsingher and Zhao [13]
and Momani [14].
In this paper, we consider the generalized Cattaneo-type equations with time- and space-fractional differential
operators and formulate the corresponding theories of thermal stresses. The fundamental solution to the nonhomogeneous
space–time-fractional telegraph equation as well as the associated thermal stresses are studied in the axisymmetric case.
2. Nonlocal generalizations of the Fourier law
For materials with time nonlocality (with memory) the effect at a point x at time t depends on the histories of causes at
a point x at all past and present times. In the theory proposed by Gurtin and Pipkin [15] the law of heat conduction is given
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by general time-nonlocal dependence
q(t) = −k
 ∞
0
K(u) grad T (t − u) du. (1)
Using substitution τ = t − u and choosing 0 instead of−∞ as a ‘‘starting point’’, we obtain
q(t) = −k
 t
0
K(t − τ) grad T (τ ) dτ (2)
and the heat conduction equation with memory [16]:
∂T
∂t
= a
 t
0
K(t − τ)1T (τ ) dτ . (3)
The time-nonlocal dependences between the heat flux vector and the temperature gradient with the ‘‘long-tale’’ power
kernel were considered in [17,18] (see also [19]):
q(t) = − k
Γ (α)
∂
∂t
 t
0
(t − τ)α−1 grad T (τ ) dτ , 0 < α ≤ 1; (4)
q(t) = − k
Γ (α − 1)
 t
0
(t − τ)α−2 grad T (τ ) dτ , 1 < α ≤ 2, (5)
where Γ (α) is the gamma function. Eqs. (4) and (5) can be interpreted in terms of fractional integrals and derivatives
q(t) = −kD1−αRL gradT (t), 0 < α ≤ 1; (6)
q(t) = −kIα−1gradT (t), 1 < α ≤ 2, (7)
where Iα f (t) and DαRLf (t) are the Riemann–Liouville fractional integral and derivative of the order α, respectively, which
definitions can be found, e.g. in [20]. Constitutive Eqs. (6) and (7) yield the time-fractional heat conduction equation with
the Caputo fractional derivative of order 0 < α ≤ 2:
∂αT
∂tα
= a1T , 0 < α ≤ 2. (8)
A theory of thermal stresses based on fractional heat conduction Eq. (8) was proposed in [17]. In the case 1 ≤ α ≤ 2 this
theory interpolates the classical thermoelasticity (α = 1) and that without energy dissipation considered by Green and
Naghdi [21] and corresponding to α = 2.
‘‘Short-tale’’ memory with exponential kernel
q(t) = − k
ζ
 t
0
exp

− t − τ
ζ

grad T (τ ) dτ , (9)
where ζ is a nonnegative constant, or in the Cattaneo [7] form,
q+ ζ ∂q
∂t
= −k grad T , (10)
leads to the telegraph equation for temperature
∂T
∂t
+ ζ ∂
2T
∂t2
= a1T . (11)
On the basis of Eq. (11), Lord and Shulman [6] introduced the theory of generalized thermoelasticity.
In the case of one spatial dimension, Compte and Metzler [8] considered four possible generalizations of the
Cattaneo telegraph equation (11) with the Riemann–Liouville fractional derivatives with respect to time. Three of these
generalizations were supported by a different scheme: continuous time random walks, nonlocal transport theory, and
delayed flux-force relation. The fourth equation was discarded from their discussion, as Compte and Metzler [8] believed
that none of the other approaches leads to this generalization. Atanackovic et al. [22] investigated a generalized telegraph
equation with two Riemann–Liouville fractional derivatives of independent orders.
Below is shown that fractional generalizations of telegraph equation can be obtained from time-nonlocal generalizations
(2) of the Fourier lawwith different kernels K(t− τ) being the functions of Mittag-Leffler type. Wewill consider the Caputo
Y. Povstenko / Computers and Mathematics with Applications 64 (2012) 3321–3328 3323
fractional derivative. It should be emphasized that if care is taken, the results obtained using the Caputo formulation can be
recast to the Riemann–Liouville version and vice versa.
Space nonlocality means that the effect at a point x at time t depends on causes at all the points x′ at the same time t .
Space-nonlocal constitutive equation for the heat flux,
q(x) = −k

V
ϵ(|x− x′|) grad T (x′) dx′, (12)
was also discussed in the literature. Eringen [23] considered the short-range exponential kernel ϵ(|x − x′|). Another
type of space-nonlocality is based on the long-range power kernels resulting in fractional differential operators in space
coordinates. The definitions of space-fractional differential operators can be found, for example, in [24,25,20], among others.
The cumbersome aspects of these operators disappear when one computes their Fourier transforms.
The space-fractional derivative of order β is defined as a pseudo-differential operator with the following rule for the
Fourier transform
F

−d
β f (x)
d|x|β

= |ξ |βF {f (x)}, (13)
where ξ is the Fourier transform variable. For the Fourier transform of fractional Laplacian one has
F {(−∆)β/2f (x)} = |ξ|βF {f (x)}. (14)
The space-fractional heat conduction equation in the case of one spatial dimension was considered by Gorenflo and
Mainardi [26] and Metzler and Nonnenmacher [27] and in the case of higher dimensions by Hanyga [28].
The general space–time-fractional heat conduction equation has the following form (see [24,25,29,30]):
∂αT
∂tα
= a ∂
βT
∂|x|β (15)
in the case of one spatial dimension and
∂αT
∂tα
= −a(−∆)β/2T (16)
in the case of higher spatial dimensions.
Theory of thermal stresses based on Eq. (16) was put forward in [18,31].
3. Fractional Cattaneo-type equations
Consider the following fractional generalization of Eq. (10):
I1−αq+ ζ ∂
γ−1q
∂tγ−1
= −k grad T , 0 < α ≤ 1, 1 < γ ≤ 2. (17)
In combination with a law of conservation of energy, this equation leads to the generalized telegraph equation
∂αT
∂tα
+ ζ ∂
γ T
∂tγ
= a1T . (18)
Eq. (17) can be rewritten in the time-nonlocal form
q(t) = − k
ζ
 t
0
(t − τ)γ−2Eγ−α,γ−1

− (t − τ)
γ−α
ζ

grad T (τ ) dτ , (19)
where Eα,β(z) is the generalized Mittag-Leffler function in two parameters α and β , which is described by the following
series representation [20]:
Eα,β(z) =
∞
n=0
zn
Γ (αn+ β) , α > 0, β > 0, z ∈ C . (20)
Various particular cases of Eqs. (17)–(19) corresponding to the different choice of α and γ were analyzed in [32] and will be
also used in the following section.
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4. Space–time-fractional generalizations of Lord and Shulman theory
The theory of thermal stresses is governed by the equation of motion in terms of displacements
µ1u+ (λ+ µ) grad divu− ρ ∂
2u
∂t2
= βTK grad T , (21)
the stress–strain-temperature relation
σ = 2µe+ (λ tr e− βTKT )I, (22)
the geometrical relation
e = defu, (23)
and the corresponding heat conduction equation. Here u is the displacement vector, σ the stress tensor, e the linear strain
tensor, T the temperature, λ and µ are Lamé constants, K = λ+ 2µ/3, ρ the mass density, βT is the thermal coefficient of
volumetric expansion, I denotes the unit tensor.
When the effect of deformation on thermal state of a solid is taken into account, one of the following space–time-
fractional generalized telegraph equations is considered as the corresponding heat conduction equation mentioned above:
∂αT
∂tα
+ ζ ∂
2αT
∂t2α
+ γe ∂
αtr e
∂tα
+ ζγe ∂
2αtr e
∂t2α
= −a(−∆)β/2T + I1−αQ + ζ ∂
2α−1Q
∂t2α−1
, 1/2 < α ≤ 1, (24)
∂2−αT
∂t2−α
+ ζ ∂
2T
∂t2
+ γe ∂
2−αtr e
∂t2−α
+ ζγe ∂
2tr e
∂t2
= −a(−∆)β/2T + ∂
1−αQ
∂t1−α
+ ζ ∂Q
∂t
, 0 ≤ α ≤ 1, (25)
∂αT
∂tα
+ ζ ∂
1+αT
∂t1+α
+ γe ∂
αtr e
∂tα
+ ζγe ∂
1+αtr e
∂t1+α
= −a(−∆)β/2T + I1−αQ + ζ ∂
αQ
∂tα
, 0 < α ≤ 1, (26)
∂T
∂t
+ ζ ∂
1+αT
∂t1+α
+ γe ∂tr e
∂t
+ ζγe ∂
1+αtr e
∂t1+α
= −a(−∆)β/2T + Q + ζ ∂
αQ
∂tα
, 0 < α ≤ 1, (27)
or generally
∂αT
∂tα
+ ζ ∂
γ T
∂tγ
+ γe ∂
αtr e
∂tα
+ ζγe ∂
γ tr e
∂tγ
= −a(−∆)β/2T + I1−αQ + ζ ∂
γ−1Q
∂tγ−1
, 0 < α ≤ 1, 1 < γ ≤ 2. (28)
Here γe = βTKT0/(ρC), Q is the heat source.
In the case α = 1, β = 2, γ = 2, the above equations turn to Lord and Shulman theory [6]. For β = 2 Eqs. (24)–(27)
were considered by Povstenko [32]. In the case β = 2 thermoelasticity based on Eq. (26) (without the source terms) was
studied by Youssef [33] and thermoelasticity based on Eq. (27) was proposed by Sherief et al. [34].
In what follows we shall restrict our consideration to quasi-static uncoupled theory neglecting the inertia term in
Eq. (21) and the coupling terms in the fractional telegraph equations.
5. Fundamental solution to the nonhomogeneous fractional telegraph equation and associated thermal stresses
As an example, we consider nonhomogeneous equation (26)
ζ
∂1+αT
∂t1+α
+ ∂
αT
∂tα
= −a(−∆)β/2T + W0
2πR
δ(r − R)δ+(t) (29)
under zero initial conditions
t = 0 : T = 0, ∂T
∂t
= 0. (30)
HereW0 = const. We introduce nondimensional quantities
r¯ = r
R
, t¯ = t
t0
, ζ¯ = ζ
t0
, κβ = at
α
Rβ
,
T¯ = R
2
W0tα−10
T , σ¯ij = R
2
2µmW0tα−10
σij,
where t0 is the characteristic time,m = 1+ν1−ν βT3 , and ν is the Poisson ratio.
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Fig. 1. Dependence of temperature on distance.
Fig. 2. Dependence of the stress component σrr on distance.
The Laplace transform with respect to time t¯ under zero initial conditions and the Hankel transform with respect to the
spatial coordinate r¯ yield
T¯ ∗ = 1
2π
J0(ξ)
ζ¯ s1+α + sα + κβξβ . (31)
Here the asterisk denotes the integral transforms, s is the Laplace transform variable, ξ is the Hankel transform variable.
To evaluate the inverse Laplace transform
Gα(t¯, ζ¯ , κ, ξ) = L−1

1
ζ¯ s1+α + sα + κβξβ

we bend the Bromwich path of integration into the Hankel path, and next use the residual theorem (the details of the
procedure can be found in [35]). Thus we get
Gα(t¯, ζ¯ , κ, ξ) = 1
π
 ∞
0
e−yt¯
S(y)
[C(y)]2 + [S(y)]2 dy+
2e−Ψ t¯
p2 + q2 [p cos(Ω t¯)+ q sin(Ω t¯)], (32)
where
C(y) = (−ζ¯y1+α + yα) cos(πα)+ κβξβ , S(y) = (−ζ¯y1+α + yα) sin(πα),
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Fig. 3. Dependence of the stress component σθθ on distance.
Fig. 4. Dependence of temperature on distance.
s1,2 = −Ψ ± iΩ are simple, conjugate complex zeros of ζ¯ s1+α+ sα+κβξβ on the principal branch of sα (−π < arg s < π).
These zeros are placed in the open left half-plane, whereas p± iq = (1+ α)ζ¯ sα1,2 + αsα−11,2 .
Inversion of integral transforms yields
T¯ = 1
2π
 ∞
0
Gα(t¯, ζ¯ , κ, ξ)J0(ξ)J0(r¯ξ)ξ dξ, (33)
and after some mathematical transformations we obtain the expressions for the stress components
σ¯rr = − 12π r¯
 ∞
0
Gα(t¯, ζ¯ , κ, ξ)J0(ξ)J1(r¯ξ) dξ, σ¯θθ = −T¯ − σ¯rr . (34)
Plots of temperature and stress components versus distance are shown in Figs. 1–6 for various values of parameters α,
β , and κ .
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Fig. 5. Dependence of the stress component σrr on distance.
Fig. 6. Dependence of the stress component σθθ on distance.
6. Conclusion
We have considered time- and space-nonlocal generalizations of the Fourier law and the corresponding heat conduction
equations. Theories of thermoelasticity based on space–time-fractional telegraph equations have been formulated. The
proposed theories interpolate the classical thermoelasticity, the theory of Lord and Shulman and thermoelasticity without
energydissipation ofGreen andNaghdi. The theoryhas been illustrated by the fundamental solution to thenonhomogeneous
space–time-fractional Cattaneo equation in the two-dimensional axisymmetric case. The Laplace transform with respect to
time and the Hankel transform with respect to the spatial coordinate have been used. The associated thermal stresses have
also been studied. Numerical results are illustrated graphically for different values of the order of time- and space-fractional
derivatives. For the standard telegraph equation (α = 1, β = 2), in the considered problem with 0 < κ < 1 there are two
wave fronts: one corresponds to the wave propagating to the origin and is located at r/R = 1− κ , another corresponds to
thewave propagating to infinity and is located at r/R = 1+κ . It is seen from Figs. 1 and 4 how the solutions to the fractional
telegraph equation approximate these wave fronts.
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